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Cracks and other forms of concentrated damage can signiﬁcantly affect the performance of slender beams
under static and dynamic loads. The computational model for such defects often consists of a localised
reduction in the ﬂexural stiffness, which is macroscopically equivalent to a beam where the undamaged
parts are hinged at the position of the crack, with a rotational spring taking into account the residual stiff-
ness (‘‘discrete spring’’ model). It has been recently demonstrated that this model is equivalent to an
inhomogeneous Euler–Bernoulli beam in which a Dirac’s delta is added to the bending ﬂexibility at the
position of each damage (‘‘ﬂexibility crack’’ model). Since these models concentrate the increased curva-
ture at a single abscissa, a jump discontinuity appears in the ﬁeld of rotations. This study presents an
improved representation of cracked slender beams, based on a general class of gradient elasticity with
both stress and strain gradient, which allows smoothing the singularities in the ﬂexibility crack model.
Exact closed-form solutions are derived for the static response of slender gradient-elastic beams in ﬂex-
ure with multiple cracks, and the numerical examples demonstrate the effects of the nonlocal mechanical
parameters (i.e. length scales of the gradient elasticity) in this context.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
One of the most popular methods used to represent the local
stiffness reduction in the analysis of cracked beams and columns
is to introduce a discrete spring (DS) at the damage position, whose
stiffness coefﬁcients can then be related to the intensity of the
damage.
Even though very simple, the DS model often represents the
best trade-off between accuracy and computational effort for many
damage identiﬁcation problems, particularly when the global re-
sponse of the structure is of primary interest.
When the classical elasticity theory is used in conjunction with
the DS model, the effects of the damage are concentrated at a sin-
gle position and, in case of a slender Euler–Bernoulli (EB) beam in
bending, a ﬁnite jump appears in the rotations’ proﬁle along the
beam’s axis. This representation of the damage over-simpliﬁes
the actual behaviour of the beam, which is expected to experience
a larger curvature in the neighbourhood of the damage, resulting in
a smoother variation of the beam’s rotations.
In order to address this modelling issues, the solution proposed
in the present paper is based upon a convenient form of nonlocalelasticity theory, in which both stress and strain gradients enrich
the constitutive law. While in classical elastic continua the stress
at one point only depends on the strain at that the same point, non-
local theories allow taking into account the inﬂuence of neighbour-
hood points. Such inﬂuence is particularly important to capture the
size-dependent effects due to the inherent microstructural
arrangement of materials and structures at different scales. Since
direct modelling of the microstructure would inevitably results
in huge computational costs, enriched elastic continua, can be re-
sorted to, in which additional parameters are related to micro-
structure (e.g. the length scale parameters). The material is then
assumed as macroscopically homogeneous, and therefore the same
equilibrium and kinematic conditions as in the classical elasticity
theory can be used. Due to the enrichment of the constitutive
law, however, the order and the complexity of the equations
increase.
Interested readers can ﬁnd a general overview on the history,
the developments and main results of nonlocal models in the re-
view paper by Askes and Aifantis (2011). Among others, Eringen’s
‘‘stress gradient’’ (Eringen and Edelen, 1972; Eringen, 1983) and
Aifantis’ (Aifantis, 2003; Ru and Aifantis, 1993) ‘‘strain gradient’’
elasticity theories have been successfully applied to study a variety
of structural engineering problems (e.g. wave propagation
(Lombardo and Askes, 2010; Wang, 2005) and crack singularities
(Eringen et al., 1977)).
Nomenclature
Ci ith integration constant, (i ¼ 0; . . . ;5)
csch hyperbolic cosecant = sinh1
E Young’s modulus
EI ﬂexural stiffness function
Fb damage function
H Heaviside’s unit step function
I0 undamaged second moment of the cross section
Ki elastic stiffness of the ith rotational spring
‘e strain gradient length scale parameter
‘r stress gradient length scale parameter
L beam’s length
L Laplace transform operator
M bending moment, positive if sagging
n number of cracks
q distributed transverse load, positive if downward
q½j jth anti-derivative of the load function
Q transformed load function
s Laplace variable
sech hyperbolic secant = cosh1
u transverse deﬂection, positive if downward
V shear force
x abscissa along the beam’s axis, positive to right
xi position of the ith concentrated damage
y horizontal coordinate along the beam’s neutral axis
bi dimensionless severity of the ith damage
C ¼ EI1 bending ﬂexibility function
d Dirac’s delta function
e normal strain
q dimensionless microstructural parameter ratio
r normal stress
u rotation of the cross section
Ui ﬁnite jump in the rotation’s proﬁle at the position of the
ith crack
v local curvature, positive is saggingev effective nonlocal curvature
BCs boundary conditions
DS discrete spring
EB Euler–Bernoulli
UDL uniformly distributed load
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carried out on axially loaded bars and two-dimensional shell ele-
ments, an increasing attention has been recently devoted to beams
in bending, under static and dynamic loads (e.g. Peddieson et al.,
2003; Sudak, 2003; Zhang et al., 2005; Murmu et al., 2011; Wang
et al., 2006; Reddy, 2007; Murmu and Adhikari, 2011; Murmu
and Adhikari, 2010). This interest is mainly due to the development
of carbon nano-tubes (CNT) devices (albeit it should be mentioned
that the same governing equations apply at a larger scale to com-
posite beams with interlayer slip (Challamel and Girhammar,
2010)).
Comparatively, only a few authors have attempted the analysis
of cracked beams considering nonlocal elastic models and, to the
best of the authors’ knowledge, the static problem of a gradient
elastic beam with an arbitrary number of cracks has not been trea-
ted yet. Loya et al. (2009) have studied the free ﬂexural vibration of
cracked EB nano-beams. In their work, Eringen’s nonlocal elasticity
model has been presented to take into account the size-dependant
effects, and a simple rotational spring has been inserted to simu-
late the presence of a single crack. Torabi and Dastgerdi (2012)
have extended this formulation to the case of Timoshenko’s
nano-beams.
It should be noted here that, while the adoption of the Eringen’s
model leads in the cited papers to less cumbersome problems (i.e.
the order of governing equations does not increase), some size-
dependent effects can be overlooked (e.g. the ‘‘cantilever paradox’’
highlighted by Wang and Challamel, 2008), and for this reason a
more versatile gradient elasticity model is desirable. This is the
case of the so-called ‘‘hybrid gradient elasticity’’, which effectively
combines and generalises the two theories of Askes and Aifantis
(2011); Wang and Challamel (2008); Zhang et al. (2010), using
two length scale parameters for stress and strain, both related to
the microstructure (more details are offered in Section 3).
In this paper, a new mathematical formulation is proposed,
which allows deriving exact closed-form solutions for the linear
static analysis of multi-cracked gradient-elastic slender beams in
ﬂexure. The proposed approach combines the hybrid stress–strain
gradient-elastic constitutive law (which allows recovering classi-
cal, Eringen’s and Aifantis’ theories as particular cases) with the
‘‘ﬂexibility crack’’ model (Palmeri and Cicirello, 2011; Cicirello
and Palmeri, 2013; Donà et al., 2012) (equivalent to the classicalDSmodel), in which the localised increase in the bending ﬂexibility
is represented through a convenient Dirac’s delta function at the
location of each crack (for clarity of presentation, this model is
ﬁrstly reviewed in Section 2 for the simplest case of classical elas-
ticity). The solutions so obtained account for the microstructural
effects, and show a smoother proﬁle of rotations where the crack
occurs, as demonstrated with two numerical applications to stati-
cally determinate and indeterminate beams. The comparison with
the results obtained with the classical elasticity theory is used to
quantify the nonlocal effects.
2. Multi-damaged Euler–Bernoulli (EB) beams with classical
elasticity in bending
In this section, the differential equation governing the bending
deﬂection of the multi-damaged EB beam is reviewed, assuming
the classical elasticity model, while the extension with a hybrid
model of nonlocal elasticity will be presented in the following
sections.
For derivation purposes, let us consider a straight slender beam
with abscissa-dependent ﬂexural stiffness EIðxÞ subjected to the
distributed transverse load qðxÞ; x being the spatial coordinate
spanning from 0 to the length L of the beam.
The equilibrium equations read:
VðxÞ ¼ q½1ðxÞ þ C3; ð1aÞ
MðxÞ ¼ q½2ðxÞ þ C2 þ C3 x; ð1bÞ
where MðxÞ is the bending moment (positive if sagging); VðxÞ is the
shear force; qðxÞ is positive if downward; the superscripted number
within square brackets stands for the order of the primitive func-
tion, that is: dnf ½nðxÞ=dxn ¼ f ðxÞ. It can be noticed that the two inte-
gration constants C2 and C3 are equal to the shear force and the
bending moment at x ¼ 0 (i.e. C3 ¼ Vð0Þ and C2 ¼ Mð0Þ).
Adopting the EB beam theory, the kinematic (compatibility)
equations are:
uðxÞ ¼ u0ðxÞ; ð2aÞ
vðxÞ ¼ u0ðxÞ ¼ u00ðxÞ; ð2bÞ
Fig. 1. Sketch of the nonlocal multi-cracked EB beam, showing the cartesian
coordinate system.
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scissa x;uðxÞ is the deﬂection (positive if downward); uðxÞ is the
rotation (positive if anti-clockwise); vðxÞ is the curvature of the
beam.
Within the classical elasticity theory, the curvature is propor-
tional to the bending moment through the bending ﬂexibility
CðxÞ ¼ EI1ðxÞ (i.e. the inverse of the ﬂexural stiffness function):
vðxÞ ¼ CðxÞMðxÞ: ð3Þ
In our study the function CðxÞ increases locally where each
damage is positioned, and the multi-cracked beam model origi-
nally proposed by Palmeri and Cicirello (2011) can be resorted to:
CðxÞ ¼ 1þ FbðxÞ
EI0
; ð4Þ
in which E is the Young’s module of the material; I0 is the second
moment of the undamaged cross sectional area of the beam; the
function FbðxÞ describes mathematically the localised effect of the
n damages:
FbðxÞ ¼
Xn
i¼1
bi dðx xiÞ; ð5Þ
where the impulsive function dðx xiÞ is the Dirac’s delta function
centred at the position of the ith damage, x ¼ xi, which can be for-
mally deﬁned as the derivative of the Heaviside’s unit step function,
i.e. dðx xiÞ ¼ H0ðx xiÞ, with HðxÞ ¼ 0 for x < 0; HðxÞ ¼ 1 for
x > 0; HðxÞ ¼ 1=2 for x ¼ 0. The intensity of the ith impulse at the
position xi is determined by the dimensionless parameter bi, which
in turn is related to the residual rotational stiffness Ki (Palmeri and
Cicirello, 2011):
Ki ¼ EI0bi L
: ð6Þ
Combining Eqs. (1), (2) and (3) allows deriving the second-order
inhomogeneous differential equation ruling uðxÞ :
u 00ðxÞ ¼ vðxÞ ¼ 1
EI0
1þ FbðxÞ½  q½2ðxÞ þ C2 þ C3x
 
; ð7Þ
where C2 and C3 are the unknown integration constants.
3. Constitutive laws for gradient (nonlocal) elasticity
In the classical elasticity theory, the constitutive equation is
represented by an algebraic relationship between the stress and
strain tensors at a generic point; while the nonlocal elasticity gen-
erally involves spatial integrals, which represent some weighted
averages of the contributions of the tensors around a given point.
Very interestingly from a computational point of view, the integral
equations can be converted into some equivalent differential con-
stitutive equations under certain conditions (Peddieson et al.,
2003; Aifantis, 2003; Yayli, 2011). In this context, the two main
theories are those due to Eringen and Aifantis Aifantis, 2003, which
enrich the classical elastic constitutive law by adding stress or
strain gradients, respectively. These two nonlocal elastic theories
can be conveniently uniﬁed through the following hybrid constitu-
tive model (Askes and Aifantis, 2011):
rðxÞ  ‘ 2r r 00ðxÞ ¼ E eðxÞ  ‘ 2e e 00ðxÞ
 
; ð8Þ
where both stress and strain gradient terms are introduced, along
with the corresponding microstructural parameters ‘r and ‘e. It
can be easily veriﬁed that for particular values of such parameters
it is possible to retrieve the Eringen’s model (‘r > 0 and ‘e ¼ 0) or
the Aifantis’ model (‘r ¼ 0 and ‘e > 0), as well as the classical model
without nonlocal effects (‘r ¼ ‘e  0), and this versatility makes the
hybrid gradient model particularly attractive.Taking into account the abscissa-dependent bending ﬂexibility
CðxÞ, the constitutive equation in terms of bending moment MðxÞ
and curvature vðxÞ for the hybrid gradient elastic beam can now
be written as:
CðxÞMðxÞ  ‘ 2r CðxÞMðxÞ½ 00ðxÞ ¼ vðxÞ  ‘ 2e v 00ðxÞ: ð9Þ
By introducing now the following relationship between the lo-
cal curvature v and its effective nonlocal counterpart ev (Wang and
Challamel, 2008; Zhang et al., 2010):
vðxÞ ¼ evðxÞ  ‘ 2r ev 00ðxÞ; ð10Þ
Eq. (9) takes the equivalent form:
CðxÞMðxÞ ¼ evðxÞ  ‘ 2e ev 00ðxÞ: ð11Þ
This is formally equivalent to the constitutive law of a slender beam
in bending with gradient strain, in which however the effective cur-
vature ev replaces v (Aifantis, 2003).
4. Proposed multi-cracked gradient-elastic EB model
4.1. Governing equations
Similar to the case of the classical elasticity, the static response
of a multi-cracked EB beam, equipped with the hybrid gradient
elasticity and subjected to transverse loads (see Fig. 1), can be ob-
tained by deriving the differential equation ruling the problem and
applying the pertinent BCs.
By combining Eqs. (1), (4) and (11), one obtains:
evðxÞ  ‘ 2e ev 00ðxÞ ¼ 1EI0 1þ FbðxÞ½  q½2ðxÞ þ C2 þ C3 x : ð12Þ
Comparing Eq. (7) for the classical (local) elasticity and Eq. (12) for
the hybrid gradient-elastic beam, it appears that the order of the
differential equation governing the latter problem is two-order
higher (as shown in Ref. Zhang et al., 2010 for the uncracked beam).
Eq. (12) can be solved by imposing the BCs ev 0ð0Þ ¼ 0 and ev 0ðLÞ ¼ 0,
i.e. by assuming the stationarity of the nonlocal curvature at the
beam’s ends, a condition which can be rigorously derived from var-
iational principles (Zhang et al., 2010). Eq. (10) allows then evaluat-
ing the local curvature vðxÞ, whose integration delivers the rotation
of the beam (see Eq. (2b)):
uðxÞ ¼ v½1ðxÞ þ C1 ¼
Z x
0
vðnÞdnþ C1; ð13Þ
while in turn the transversal displacement is obtained by integrat-
ing the rotation (see Eq. (2a)):
uðxÞ ¼ u½1ðxÞ þ C0 ¼ 
Z x
0
uðnÞdnþ C0: ð14Þ
As in the classical elasticity theory, the two integration con-
stants C0 and C1 are equivalent to uð0Þ and uð0Þ, respectively,
and can be evaluated by imposing the BCs.
Table 1
Solution procedure.
1. Collect all the data for the beam and load (namely,
E; I0; L; n; xi; bi; qðxÞ, classical BCs)
2. Evaluate:
(a) q½2ðxÞ ¼ R dx R qðxÞdx
(b) QðxÞ via Eq. (19)
3. Is the beam statically determinate?
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elasticity theory, six BCs are required overall for the hybrid gradi-
ent-elastic model: four BCs are needed to evaluate the four integra-
tion constants (C0;C1;C2 and C3) associated with displacement,
rotation, bending moment and shear force at x ¼ 0 (see Eqs. (1),
(13) and (14)); plus two complementary BCs ev 0ð0Þ ¼ 0 andev 0ðLÞ ¼ 0, required while integrating Eq. (11).(a) Yes, then go to point 4
(b) No, then go to point 8
4. Evaluate the integration constants C2 and C3 from equilibrium equations:
(a) C2 ¼ Mð0Þ
(b) C3 ¼ Vð0Þ
5. Evaluate the integration constants C4 and C5 by setting ev0ð0Þ ¼ 0 andev0ðLÞ ¼ 0
6. Evaluate vðxÞ via Eq. (10), and then uðxÞ and uðxÞ via Eqs. (13) and (14),
respectively
7. Evaluate the integration constants C0 and C1 based and the kinematic
constraints imposed by the BCs (e.g. for a cantilever beam ﬁxed at
x ¼ 0; C0 ¼ C1 ¼ 0)
8. Evaluate the six integration constants by applying simultaneously the six
BCs4.2. Exact solutions
In order to derive the mathematical solution for the problem in
hand, let us apply the Laplace transform operator L h i to both
sides of Eq. (12), which yields:
L evðxÞ  1 s2‘2e  þ ‘2e C5 þ C4sð Þ
¼ 1
EI0
L q½2ðxÞ þ C2
s
þ C3
s2
þ
Xn
i¼1
bi e
sxi q½2ðxiÞ þ C2 þ C3xi
 ( )
;
ð15Þ
where s is the Laplace variable associated with the abscissa x; while
C4 and C5 are the two additional integration constants, which do not
appear with the classical elasticity theory. Taking now the inverse
Laplace transform of Eq. (15), we obtain the closed-form expression
for the effective nonlocal curvature:
evðxÞ ¼ ev0ðxÞ þXn
i¼1
D eviðxÞ; ð16Þ
in which ev0ðxÞ is the contribution due to the undamaged response:
ev0ðxÞ ¼ C4 cosh x
‘e
 	
þ C5 sinh x
‘e
 	
‘e
þ 1
EI0
1 cosh x
‘e
 	
 
C2 þ x sinh x
‘e
 	
‘e

 
C3 þ QðxÞ
 
;
ð17Þ
while D eviðxÞ is the individual term associated to the ith damage:
DeviðxÞ ¼ biE I0 ‘e sinh x xi‘e
 	
q½2ðxiÞ þ C2 þ C3xi
 
Hðx xiÞ: ð18Þ
The external load qðxÞ appears indirectly in both contributions,
namely through the second anti-derivative q½2ðxÞ evaluated at
x ¼ xi in Eq. (18) and through the associated transformed function
QðxÞ in Eq. (17), being:
QðxÞ ¼L1 L q
½2ðxÞ 
1 s2‘2e
* +
: ð19Þ
Combining Eqs. (16)–(19) reveals that the sought functionevðxÞ depends also on the ﬂexural stiffness of the undamaged
cross section (EI0), the strain length scale parameter (‘e), position
(xi) and severity parameter (bi) of the generic damage, along with
the four integration constants (C2; C3;C4 and C5). The stress length
scale parameter (‘r) is introduced in the solution when the local
curvature vðxÞ is evaluated (see Eq. (10)), while the other two
integration constants C0 and C1 appear with the double integration
of vðxÞ, which gives the transverse displacement (see Eqs. (13) and
(14)).
Overall, independently of the number n of concentrated dam-
ages, only six integration constants are required, without any fur-
ther BC needed where the crack is located. Importantly, for
statically determinate beams, these six integration constants do
not have to be evaluated altogether, that is: C2 and C3 only depend on the equilibrium conditions (see
Eqs. (1));
 once C2 and C3 are known, Eq. (16) allows evaluating C4 and C5,
imposing that ev 0ðxÞ ¼ 0 at the two ends of the beam (the result-
ing expressions are offered within Appendix A as Eqs. (A.5) and
(A.4), respectively);
 C0 and C1 then depend on compatibility considerations only
(through Eqs. (13) and (14)).
On the contrary, this cascade approach for the BCs cannot be used
for statically indeterminate beam and the six integration constants
have to be evaluated altogether, i.e. by solving a set of six algebraic
equations with six unknown variables.
It may be worth stressing here that Eqs. (1), introduced for the
classical elasticity theory, are valid also for the shear force and
bending moment in the adopted hybrid model of gradient elastic-
ity. The complete procedure is summarised in Table 1.
For illustration purposes, two numerical applications are
presented and discussed in the next section, while Appendix B
provides the full mathematical solution in the case where
qðxÞ ¼ q0 (i.e. uniformly distributed transverse load).5. Numerical examples
In this section, two numerical applications are detailed to dem-
onstrate the validity of the proposed strategy of modelling and
solution, also highlighting and quantifying the effects of the non-
local length scale parameters ‘e and ‘r on the static response of
the objective beams. Since the parameters are linked to the beam’s
microstructure, their values cannot exceed the beam’s length, i.e.
0 6 ‘e < L and 0 6 ‘r < L .
In the ﬁrst example, a cantilever beam with a single concen-
trated damage and subjected to a uniformly distributed load
(UDL) is considered; while the second example investigates the
statically indeterminate case of a clamped–clamped beam with
three cracks under a concentrated force. The results obtained with
the nonlocal formulation have been compared with those of the
classical elasticity theory, which is equivalent to the adopted hy-
brid gradient-elastic theory when the two length scale parameters
take the same value (‘e ¼ ‘r P 0).
For each example, the results are displayed in terms of non-
dimensional quantities, e.g. EI0v=ðPLÞ (or EI0v=ðqL2Þ) for the cur-
vature and EI0u=ðPL2Þ (or EI0u=ðqL3Þ) for the rotation, being P a
concentrated force and q a UDL.
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q0
In the ﬁrst application, the beam is clamped at x ¼ 0; the UDL q0
is pointing downwards; a single crack is assumed at the position
x1 ¼ 0:4L, modelled with a rotational spring with dimensionless
parameters b1 ¼ 0:1 (see Eq. (6)).
Following the procedure presented in Section 4, the local curva-
ture v, the rotation u and the displacement u are obtained for a
generic set of microstructural parameters f‘e; ‘rg. For the sake of
completeness, the fully worked analytical solution for a UDL and
a generic number n of concentrated damages is reported in Appen-
dix B (this ﬁrst example can be obtained as a particular case for
n ¼ 1). The constants C0;C1;C2 and C3 are evaluated by solving
the four equations that result from applying the BCs for the inter-
nal forces at the free end (VðLÞ ¼ MðLÞ ¼ 0) and the kinematical
quantities at the ﬁxed end (uð0Þ ¼ uð0Þ ¼ 0), yielding:
C0 ¼ q0 L
‘2e  ‘2r
EI0
‘e coth L
‘e
 	

þb1
ðL x1Þ2
2‘e
csch
L
‘e
 	
cosh
L x1
‘e
 	#
; ð20aÞC1 ¼  ‘
2
e  ‘2r
EI0
Lq0; ð20bÞC2 ¼ 12 L
2 q0; ð20cÞFig. 2. Example 1 – deformed shape of the cracked cantilever beam for four
combinations of length scale parameters f‘r; ‘eg (a); magniﬁcation at the position of
the crack (b).
Fig. 3. Example 1 – normalised end-beam deﬂection uðLÞ=uref as a function of the
dimensionless ratio q ¼ ‘r=‘e for four different values of the stress gradient
parameter ‘r (Example 1).C3 ¼ Lq0: ð20dÞ
The other constants C4 and C5 are evaluated by assuming the
stationarity of the effective nonlocal curvature at both ends of
the beam (ev 0ð0Þ ¼ ev 0ðLÞ ¼ 0). Interestingly, substituting Eqs. (20)
into Eq. (B.7a) and setting b1 ¼ 0 leads to the same displacement
function obtained by Zhang et al. (2010) for a hybrid gradient-elas-
tic undamaged cantilever beam.
Fig. 2(a) shows the effects of the length scale parameters f‘e; ‘rg
on the beam’s deformed shape. For ‘e > ‘r > 0 (dotted line and
dashed line), the tip displacement reduces with respect to the clas-
sical continuum theory (‘e ¼ ‘r > 0, solid line); while if ‘e < ‘r
(dot-dashed line), the beam experiences larger displacements. In
the latter case, however, the behaviour of the nonlocal beam is
physically inconsistent, as clearly evidenced by the counter-load
deformations in Fig. 2(b), where the beam’s deformed shape is
magniﬁed in the neighbourhood of the crack. Indeed, for
‘e ¼ L=50 and ‘r ¼ L=5, the beam shows an upward cusp centred
at the crack position, despite the fact that the load is downward.
To quantify the effects of length scale parameters on the appar-
ent stiffness of the beam, Fig. 3 plots the displacement ratio
uðLÞ=uref against the length scale ratio q ¼ ‘r=‘e for four different
values of ‘r, being uref the reference value of the tip (free-end) dis-
placement obtained with the classical elasticity theory. For
0 < q < 1, the tip displacement is less than the reference value,
independently of the micro-structural parameter ‘r (and, for a gi-
ven ratio q, the larger ‘r, the larger is the discrepancy between lo-
cal and nonlocal beam). It is possible to conclude that, for the
physically consistent case where 0 < q < 1, the nonlocal beam al-
ways appears stiffer than the same beam with classical elasticity.
Conversely, the nonlocal beam is more ﬂexible for q > 1.
Another way to show the inconsistency of the hybrid gradient-
elastic model for q > 1 is to evaluate the ﬁnite jump U1 occurring
in the rotations’ proﬁle at the position of the concentrated damage.
According to Eq. (21), the rotation uðxÞ is given by the superposi-
tion of two terms, namely u0ðxÞ, which is continuous (see Eq.(B.5a)), and the function Du1ðxÞ due to the presence of the crack
at x ¼ x1, which is discontinuous at that position (see Eq. (B.5b)).
uðxÞ ¼ u0ðxÞ ¼ u0ðxÞ þ
Xn
i¼1
DuiðxÞ: ð21Þ
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U1 ¼ uðxþ1 Þ uðx1 Þ
  ¼ b1 Mðx1Þj j
EI0
q2; ð22Þ
where the superscripted signs þ and  in the argument of the rota-
tion u stand for the limit from the right and from the left,
respectively.
Eq. (22) then reveals that the amplitude of the ﬁnite concen-
trated rotation predicted by the proposed model at the position
of the crack increases with q2. For q ¼ 0 (i.e. ‘r ¼ 0 and ‘e > 0),
the localised jump in the rotations’ proﬁle vanishes completely,
meaning that the beam’s curvature becomes smooth at the posi-
tion of the crack. For ‘r > 0 and ‘e P ‘r (i.e. 0 < q  1), the beam’s
deformed shape shows a ﬁnite jump at the damage position, whose
amplitude ranges from zero (the limiting case when ‘r ! 0) to the
classical continuum solution (obtained for ‘e ¼ ‘r > 0). On the
contrary, the condition ‘r > ‘e > 0 (i.e. q > 1) aggravates the singu-
larity, and therefore this combination of values for the microstruc-
tural parameters should be avoided.
Based on the above considerations, the stress length ‘r appears
as a sensible lower limit for the strain length ‘e, and in the follow-
ing the chain of inequalities 0 6 ‘r 6 ‘e < L is always satisﬁed in
order to avoid physically inconsistent results. Within the above
conditions, further analyses have been carried out to investigate
the effects of the two individual microstructural parameters ‘e
and ‘r.Fig. 4. Example 1 – Rotations’ proﬁle for a ﬁxed value of strain length scale
(‘e ¼ L=50) and four different values of the stress length scale ‘r (a); magniﬁcation
at the position of the crack (b).Fig. 4 shows the rotations’ proﬁles for a ﬁxed value of the strain
length, ‘e ¼ L=50, and four different values of the stress length,
‘r 6 ‘e. It can be seen that changing the parameter ‘r mainly
affects the rotations in the neighbourhood of the cracks, as demon-
strated by the magniﬁed view of Fig. 4(b). This comparison con-
ﬁrms the prediction of Eq. (22), as the ﬁnite jump in the
rotations reduces with ‘r.
Fig. 5 shows the continuous part of the curvature functions vðxÞ
for a ﬁxed stress length ‘r ¼ L=50 and four different values of the
strain length ‘e P ‘r (a Dirac’s delta of intensity U1 also appears
at x ¼ x1 in the mathematical expression of vðxÞ, but has been hid-
den to make the graphical representation simpler). One can ob-
serve that, in comparison with the classical elasticity (solid line),
the hybrid gradient model potentially provides a more accurate
description of the discontinuity due to a concentrated damage. In
fact, while the proposed nonlocal model for the cracked beam
shows a cusp in the curvature function at the position of the dam-
age (whose width and hight depend on the microstructural param-
eters ‘r and ‘e), such cusp disappears in the solution obtained with
classical elasticity theory (as the Dirac’s delta fully account for the
increased deformation at x ¼ xi).
5.2. Example 2: Clamped–clamped beam with a point load
A similar trend of results can be observed in the second exam-
ple, in which a slender beam is clamped at both ends (x ¼ 0 and
x ¼ L), and is loaded at xP ¼ 0:6L with a concentrated force P,Fig. 5. Example 1 – curvature function for a ﬁxed value of stress length scale
(‘r ¼ L=50) and four different values of the stress length scale ‘e (a); magniﬁcation
at the position of the crack (b).
Fig. 6. Example 2 – deformed shape of the multi-cracked clamped–clamped beam
for a ﬁxed value of stress length scale (‘r ¼ L=50) and four different values of the
strain length scale ‘e .
Fig. 7. Example 2 – curvature function of the multi-cracked clamped–clamped
beam for a ﬁxed value of stress length scale (‘r ¼ L=50) and four different values of
the strain length scale ‘e (a); magniﬁcation at the position of the second crack (b).
Fig. 8. Example 2 – Rotations’ proﬁle for the multi-cracked clamped–clamped beam
with ﬁxed value of stress length scale (‘r ¼ 0) and four different values of the strain
length scale ‘e (a); magniﬁcation at the position of the second crack (b).
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then expressed as qðxÞ ¼ P dðx xPÞ. The beam has three cracks
with the same depth, and hence the same damage factor
b1 ¼ b2 ¼ b3 ¼ 1=10 and they are located at x1 ¼ 0:1L; x2 ¼ 0:4L
and x3 ¼ 0:8L, respectively. This example thus demonstrates that
the proposed approach enables the analytical solution for staticallyindetermined nonlocal slender beams in bending with multiple
concentrated damages (i.e. the most general case considered as
part of this study).
Fig. 6 compares the deformed shape of the beam when the
stress length scale takes a given value ‘r ¼ L=50 and the strain
length scale ‘e P ‘r varies. As in the previous example, it appears
that the overall stiffness of the beam increases with ‘e, as the max-
imum deﬂection tends to reduce in comparison with the classical
elasticity theory (solid line).
Fig. 7(a) shows the curvature v for the same microstructural
parameter as in Fig. 6. Interestingly, it can be observed that at
the position of the point load, xP ¼ 0:6L, due to the discontinuity
in the shear force, the curvature of the classical continuum solution
shows a sudden change in the slope, while using the nonlocal mod-
els the transition appears smoothed. Moreover, likewise the previ-
ous example, the curvature has a cusp at each crack position x ¼ xi ,
whose intensity depends on the length scale parameters (and one
of such cusps is magniﬁed within Fig. 7(b), to better appreciate the
effect of the strain length scale ‘e in this circumstance).
The smoothing effect of the strain gradient parameter is further
highlighted by Fig. 8, where the rotations’ proﬁles corresponding to
three different values of ‘e, with ‘r ¼ 0, are plotted and compared
with the classical continuum solution (solid line, obtained for
‘e ¼ ‘r). It can be seen that, being q ¼ ‘r=‘e ¼ 0 for the three non-
local beams, the ﬁnite jumps Ui typical of the local solution disap-
pear (see Eq. 22); moreover, the length of the beam in which the
effect of the crack is distributed increases with ‘e.
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The paper has offered a new formulation for the linear-elastic
analysis of nonlocal slender beams with multiple cracks under sta-
tic transverse forces. The proposed approach is based on the
ﬂexibility crack model (Palmeri and Cicirello, 2011) (equivalent
to the well-known discrete spring model), which has been ex-
tended to the hybrid gradient-elastic constitutive law. Similar to
the case of classical elasticity, each crack is conveniently repre-
sented by means of a Dirac’s delta function, whose intensity in-
creases with the severity of the damage; in contrast, adopting
the gradient elasticity allows spreading the effects of the cracks
in the neighbourhood of the damaged abscissa, therefore providing
a more realistic rotations’ proﬁle (as conﬁrmed with the numerical
examples).
It has been shown that, for a given load function qðxÞ, the solu-
tion of the static problem depends on six integration constants
only, namely: (i) the classical four constants C0;C1;C2 and C3,
which are typically associated with the support conditions of the
beam; (ii) two additional constants C4 and C5, which appear in
the general expression of the effective nonlocal curvature. Explicit
closed-form expressions have been provided in Appendix A for
these two integration constants, assuming the stationarity of the
nonlocal effective curvature at the beam’s ends.
Importantly, since the adopted ﬂexibility model treats the
cracks as concentrated inhomogeneities in the bending ﬂexibility
of the beam, the size of the computational problem (i.e. the num-
ber of unknowns) is independent of the number n of cracks, for
both statically determinate and indeterminate beams.
It has been theoretically found and numerically veriﬁed that the
ﬁnite jump in the rotations’ proﬁle at the crack position is propor-
tional to q2, being q ¼ ‘r=‘e a dimensionless length scale ratio (i.e.
the less q, the smoother the rotations’ proﬁle, the more widespread
the effects on the curvature of the beam); and it has been sug-
gested that, for the purposes of analysing cracked beams in bend-
ing, physically consistent results are only obtained if
0 6 ‘r 6 ‘e  L, being L the length of the beam.
It has been also shown that: (i) differences between predictions
of local and nonlocal elasticity theory increase with the dimension-
less quantity ‘e=L; (ii) the overall ﬂexibility of the beam increases
with the length scale ratio q and, for a given value of q, with the
microstructural length scales.
This set of new analytical ﬁndings allows a better understand-
ing of how gradient elasticity theories can be effectively adopted
for the analysis of cracked slender beams. The extension of the
closed-form solutions presented as part of this study to solve dy-
namic and stability problems is currently being undertaken.
Appendix A. Integration constants C4 and C5
This appendix offers the closed-form expressions for the addi-
tional integration constants C4 and C5, which appears in the solu-
tion of the multi-damaged EB beam when the hybrid gradient-
elastic constitutive law is adopted.
To derive such expressions, the BCs ev 0ð0Þ ¼ 0 and ev 0ðLÞ ¼ 0 (i.e.
stationarity conditions at the beam’s ends) have be imposed to Eq.
(12), which rules the effective nonlocal curvature. Eqs. (16)–(18)
provide the general solution for this equation and, taking the deriv-
ative with respect to the abscissa x, the rate of variation of the
effective nonlocal curvature can be expressed as:
ev 0ðxÞ ¼ ev 00ðxÞ þXn
i¼1
D ev 0i ðxÞ; ðA:1Þwhere:
ev 00ðxÞ ¼ C4‘e sinh x‘e
 	
þ C5 cosh x
‘e
 	
þ 1
EI0
C3 1 cosh x
‘e
 	
 
 C2
‘e
sinh
x
‘e
 	
þ Q 0ðxÞ
 
;
ðA:2Þ
Dev 0i ðxÞ¼ biEI0 C3xiþC2þq½2ðxiÞ 
 1
‘2e
cosh
xxi
‘e
 	
HðxxiÞþ 1
‘e
sinh
xxi
‘e
 	
dðxxiÞ
" #
:
ðA:3Þ
Combining the expressions above and enforcing the BCs yields
in closed form to the sought integration constants C4 and C5:
C5 ¼  1EI0 Q
0ð0Þ; ðA:4Þ
C4 ¼ ‘eEI0
C2
‘e
þ C3 tanh L2‘e
 	
þ Q 0ð0Þ coth L
‘e
 	
Q 0ðLÞcsch L
‘e
 	
þ csch L
‘e
 	Xn
i¼1
D ev0iðLÞ
)
: ðA:5Þ
It follows that the integration constant C4 depends on the other
two integration constants C2 and C3, which represent the bending
moment Mð0Þ and the shear force Vð0Þ at the left end of the beam,
respectively. As already pointed out in SubSection 4.2, these values
can be then evaluated using equilibrium equations only for stati-
cally determinate beams, while they are appear to be fully coupled
with all the other integration constants when the beam is statically
indeterminate.
Appendix B. Solution for uniformly distributed load (UDL)
Aim of this appendix is to provide, as a way of example, the ex-
act closed-form mathematical expressions of curvature vðxÞ, rota-
tion uðxÞ and displacement uðxÞ functions for a multi-cracked EB
beam under the UDL q0.
To derive the sought solution, Eqs. (17) and (18) can be partic-
ularised for the load case qðxÞ ¼ q0:
ev0ðxÞ ¼ C2EI0 þ C3 ‘eEI0 x‘e þ sech L2‘e
 	
sinh
L 2x
2 ‘e
 	
 
þ q0 ‘
2
e
2EI0
x
‘e
 	2
þ 2 1 L
‘e
csch
L
‘e
 	
cosh
x
‘e
 	
 ( )
;
ðB:1aÞ
D eviðxÞ ¼ biE I0 ‘e C2 þ C3 xi þ q0 x
2
i
2
 	
 csch L
‘e
 	
cosh
x
‘e
 	
cosh
L xi
‘e
 	

 sinh x xi
‘e
 	
Hðx xiÞ

; ðB:1bÞ
in which it has been taken into account that for the UDL q0: iÞ the
second anti-derivative is q½2ðxÞ ¼ q0 x2=2; and iiÞ the function QðxÞ,
deﬁned by Eq. (19), takes the expression:
QðxÞ ¼ q0 ‘
2
e
2
x
‘e
 	2
þ 2 1 cosh x
‘e
 	
 ( )
: ðB:2Þ
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by the superposition of the nþ 1 contributions of Eqs. (B.1), and
the local curvature vðxÞ ¼ u00ðxÞ can be successively obtained
using Eq. (10), which can be applied to the undamaged contribu-
tion v0ðxÞ and to the additional term associated with the ith con-
centrated damage DviðxÞ. The local curvature can be then written
in a form similar to Eq. (16):
vðxÞ ¼ v0ðxÞ þ
Xn
i¼1
DviðxÞ; ðB:3Þ
where:
v0ðxÞ ¼ ev0ðxÞ  ‘2r ev000ðxÞ ¼ 1EI0 C2 þ C3 xþ q0 x
2
2
 	
þ ‘
2
e  ‘2r
EI0
C3
‘e
sech
L
2‘e
 	
sinh
L 2x
2 ‘e
 	
þq0 1
L
‘e
cosh
x
‘e
 	
csch
L
‘e
 	
 
; ðB:4aÞ
DviðxÞ ¼ D eviðxÞ  ‘2rD ev00i ðxÞ ¼ biE I0 C2 þ C3 xi þ q0 x
2
i
2
 	
 ‘
2
e  ‘2r
‘3e
csch
L
‘e
 	
cosh
x
‘e
 	
cosh
L xi
‘e
 	
(
 sinh x xi
‘e
 	
Hðx xiÞ

þ ‘
2
r
‘2e
dðx xiÞ
þ ‘
2
r
‘e
d
dx
sinh
x xi
‘e
 	
dðx xiÞ

 )
: ðB:4bÞ
The two terms in the last line of Eq. (B.4b) deserve a special
attention. Indeed, the ﬁrst one is an impulsive term, centred at
the position of the ith crack, x ¼ xi, whose intensity is proportional
to q2 ¼ ‘r=‘eð Þ2, and is responsible for the ﬁnite jump in the rota-
tions’ proﬁle given by Eq. (22). The second term, on the contrary,
can be neglected when rotations and displacements of the nonlocal
beam are evaluated by means of successive integrations of Eq.
(B.3). This can be rigorously demonstrated, and depends on the
mathematical characteristics of the function sinhð	Þ that multiplies
the Dirac’s delta within the square brackets to be differentiated,
namely sinhð	Þ has a zero value at the centre of the delta function
(x ¼ xi) and is anti-symmetric with respect to this point.
According to Eq. (21), the rotations’ proﬁle along the beam’s
axis can be posed as the superposition of the undamaged term
u0ðxÞ and n further contributions DuiðxÞ due to the singularities
in the beam’s bending stiffness, where each term is obtained by
integrating the corresponding curvature. The two expressions are
given by:
u0ðxÞ ¼ C1 þ
C2 x
EI0
þ C3 x
2
2EI0
þ q0 x
3
6EI0
þ ‘
2
e  ‘2r
EI0
C3 cosh L 2x2‘e
 	
sech
L
2‘e
 	
þq0 x Lcsch
L
‘e
 	
sinh
x
‘e
 	
 
; ðB:5aÞ
DuiðxÞ ¼
bi
EI0
C2 þ C3 xi þ q0
x2i
2
 	
 Hðx xiÞ þ ‘
2
e  ‘2r
‘2e
csch
L
‘e
 	
sinh
x
‘e
 	
cosh
L xi
‘e
 	
(
cosh x xi
‘e
 	
Hðx xiÞ
)
; ðB:5bÞ
and the additional integration constant is C1 ¼ uð0Þ.Similarly to Eqs. (16) and (21), the displacement function can be
written as:
uðxÞ ¼ u0ðxÞ þ
Xn
i¼1
DuiðxÞ: ðB:6Þ
The mathematical expressions for the functions u0ðxÞ and DuiðxÞ,
appearing in the right-hand side of Eq. (B.6), can be provided by
integrating Eqs. (B.5) and (B.5b), which then describes the deformed
shape of the multi-damaged beam with hybrid gradient elasticity:
u0ðxÞ ¼ C0  C1 x C2 x
2
2EI0
 C3 x
3
6EI0
 q0 x
4
24EI0
 ‘
2
e  ‘2r
EI0
C3 ‘e sech
L
2 ‘e
 	
sinh
L 2x
2‘e
 	
þq0
x2
2
 ‘e csch L
‘e
 	
cosh
x
‘e
 	
 
; ðB:7aÞDuiðxÞ ¼  biE I0 C2 þ C3
xi þ q0
x2i
2
 	
x xið ÞH x xið Þ

þ ‘
2
e  ‘2r
‘e
csch
L
‘e
 	
cosh
x
‘e
 	
cosh
L xi
‘e
 	

 sinh x xi
‘e
 	
H x xið Þ

; ðB:7bÞ
and the additional integration constant is C0 ¼ uð0Þ.
Interestingly, the ﬁrst line in each of Eqs. (B.5) and (B.7a) gives
rotations’ proﬁle and deformed shape of the undamaged beam
with classical elasticity, respectively.References
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